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Abstract
Let X be CPn or a compact smooth quotient of the n-dimensional complex hyperbolic space, n > 1. Let L be a hermitian
holomorphic line bundle (with hermitian connection) on X chosen as follows: if X = CPn then L is the hyperplane bundle, and
in the second case L is chosen so that L⊗(n+1) = KX ⊗ E, where KX is the canonical line bundle and E is a flat line bundle.
The unit circle bundle P in L∗ is a contact manifold. Let k′ be a fixed positive integer. We construct certain Legendrian tori in P
(the construction depends, in particular, on the choice of k′) and sequences {uk}, k = k′m, m = 1,2, . . . , of holomorphic sections
of L⊗k associated to these tori. We study asymptotics of the norms ‖uk‖k as m → +∞ and, in particular, apply this result to
construct explicitly certain non-trivial holomorphic automorphic forms on the n-dimensional complex hyperbolic space. We obtain
an n > 1 analogue of the classical period formula (this is a well-known statement for automorphic forms on the upper half plane,
n= 1).
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let X be a compact Kähler manifold. Denote the Kähler form by ω. Assume that ω2π is integral. Then there is a
hermitian holomorphic line bundle L→X with a hermitian connection ∇ such that c1(L)= [ ω2π ] and ω = i curv(∇)
(see, for example, [11]). A natural hermitian product on H 0(X,L⊗k) is given by
〈s1, s2〉k =
∫
X
h(s1, s2)
k dV,
where k is a positive integer, s1, s2 ∈ H 0(X,L⊗k), h(. , .) is the hermitian metric on L, and dV = ωnn! is a natural
volume form on X (as always, ωn = ω ∧ · · · ∧ω). Denote ‖s‖k = √〈s, s〉k .
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ied and have applications in various areas, see, for example, [2,3,15–17]. “Asymptotic” means “as k → +∞”, also
referred to as “the semi-classical limit”.
Let P be the unit circle bundle in L∗. It is the boundary of a strictly pseudoconvex domain and, therefore, carries
a natural contact structure. Let Λ be a Legendrian submanifold of P . Borthwick, Paul, and Uribe [2] introduce a
sequence {uk} of holomorphic sections of L⊗k naturally associated to Λ, study asymptotics of the norms ‖uk‖k , and
of the matrix elements 〈T (k)f uk, vk〉k , where f ∈ C∞(X), Tf =
⊕+∞
k=0 T
(k)
f is the Toeplitz operator associated to f ,
and {uk}, {vk} are two sequences of sections as above. Intuitively a section uk associated to Λ (equipped with a half-
form) is “the kth component of the delta-function for Λ”. The precise meaning of this statement in the two cases
discussed in the present paper is given by part (iii) of Theorem 3.2 and by Theorem 2.3.
The results in the paper are as follows. Choose and fix a positive integer k′. Consider two cases:
1. X = CPn, L is the hyperplane bundle,
2. X = Γ \D, D = SU(n,1)/S(U(n) × U(1)), Γ is a discrete cocompact subgroup of SU(n,1) such that the
quotient Γ \D is smooth, L is an appropriately chosen (n+ 1)th root of ∧n T ∗′X ⊗E, where E is a flat line bundle.
We construct explicitly a Legendrian torus Λ in P (note that the natural projection of Λ to X is a Lagrangian torus
in X), we choose an n-form Ω on Λ, and construct the sections uk , k = k′m, following the ideas of [2]. To clarify:
k′ stays fixed, m goes to infinity. Equivalently, uk ∈ H 0(X,L′⊗m), where we define L′ := L⊗k′ . We shall also use
the notation uk = Ψ (k)Λ . In case 1. we compute asymptotics of the norms ‖uk‖k by a direct calculation. In case 2.
such a straightforward computation would be a very difficult task but the results of [2] provide the leading term in
the asymptotics, and that’s what we use. One should notice that in case 2. such a torus can be constructed only if Γ
contains a non-trivial element with real eigenvalues. In Section 2.4 we give an example of such Γ for all n 2. We
also note that for k′ = n + 1, with χn+1 = 1, the pull-back of uk to D under the covering projection D → X can
be written as f (z)(dz1 ∧ · · · ∧ dzn)⊗m, and thus f (z) is an explicitly constructed holomorphic Γ -automorphic form
(with the canonical automorphy factor), it is written as a series, so the fact that it is not identically zero is far from
being obvious, but part (ii) of Theorem 2.2 asserts that for sufficiently large m we indeed get a non-trivial automorphic
form. For earlier results of this kind, see, in particular, [7,12–14]. Theorem 2.3 is, in a sense, an n 2 analogue of the
n= 1 period formula [8,9].
To summarize, in this paper we study the general construction suggested in [2] in two particular situations and
give applications to automorphic forms. In [2] (Section 4) Legendrian curves are constructed for the case when X is
a uniformized Riemann surface of genus g > 1 (i.e. a compact smooth quotient of the 1-dimensional complex hyper-
bolic space SL(2,R)/SO(2) ∼= SU(1,1)/U(1)) and L = T ∗′X. In [5] Legendrian 2-tori and associated holomorphic
automorphic forms are constructed for powers of the canonical line bundle on a compact smooth quotient of the 2-
dimensional complex hyperbolic space. The present paper generalizes work in [5] to the case of the n-dimensional
complex hyperbolic space, n  2, and also provides calculations for X = CPn, since the author has been asked by
many people what happens in the case of CPn. It should be mentioned that the case of ball quotients with n > 2 is not
an immediate extension of n = 2 [5], since the “first” S1 in the n-torus Λ  (S1)n is given by the invariant geodesic,
and, once the geodesic is specified, the “second” S1 for n = 2 is found in a very clear fashion. For arbitrary n > 2
much more work is needed to find and to describe an appropriate (n− 1)-torus. We also obtain an n > 1 analogue of
the well-known period formula, see Theorem 2.3. This was not done in [5]. For Γ ⊂ SL(2,R) the period formula gives
a relation between a certain integral of a cusp form over a closed geodesic on the Riemann surface Γ \SL(2,R)/SO(2)
and the inner product of this cusp form with the automorphic form associated to this closed geodesic. Naturally,
instead of a closed geodesic (for n= 1) we have an n-torus in the case n > 1.
The calculations for SU(n,1)/S(U(n) × U(1)) are done in local coordinates, in the ball model, which is a
traditional approach whenever we would like to give explicit constructions of automorphic forms (as equivariant holo-
morphic functions, not as invariant sections of line bundles or invariant functions on SU(n,1)) and also, in general, in
complex hyperbolic geometry.
Main results of this paper are Theorems 2.2, 2.3. The outcome of calculations for CPn is summarized in Theo-
rem 3.2.
2. The case of complex hyperbolic space
In this section n is a positive integer, n 2. The n= 1 case was treated in [2].
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2.1.1. The symmetric space and the group action
A nice reference for basic facts summarized here is [6].
Recall that
SU(n,1)∼= {A ∈ SL(n+ 1,C) |AtsA¯= s},
where s = ( 1n −1). Consider the n-dimensional complex hyperbolic space SU(n,1)/S(U(n)×U(1)) realized as the
open unit ball in Cn:
SU(n,1)/S
(
U(n)×U(1))∼=D =
{
z ∈ Cn ∣∣ n∑
j=1
|zj |2 − 1 < 0
}
.
The Kähler form, up to a positive constant factor, is
ω = −i∂∂¯ log
(
1 −
n∑
j=1
|zj |2
)
,
the volume form is
dV = ω
n
n! = i
n dz1 ∧ dz¯1 ∧ · · · ∧ dzn ∧ dz¯n
(1 −∑nj=1 |zj |2)n+1 .
We shall also denote the boundary sphere by
∂D =
{
z ∈ Cn ∣∣ n∑
j=1
|zj |2 − 1 = 0
}
and the closure of the ball by
D¯ =D ∪ ∂D =
{
z ∈ Cn ∣∣ n∑
j=1
|zj |2 − 1 0
}
.
This realization is obtained by starting with (Cn+1, 〈. , .〉), where 〈u,v〉 = ut sv¯ = ∑nj=1 uj v¯j − un+1v¯n+1 for
u,v ∈ Cn+1, and defining D as the quotient of the set of lines {Cu} in Cn+1 with 〈u,u〉 < 0 by the C∗-action. Thus
every z ∈ D¯ represents a line in Cn+1 spanned by
(1)z˜ :=
(
z
1
)
∈ Cn+1
and we shall keep the notation 〈z,w〉 for z,w ∈ D¯:
〈z,w〉 := 〈z˜, w˜〉 =
n∑
j=1
zj w¯j − 1.
The linear action of SU(n,1) on Cn+1 gives rise to the action of SU(n,1) on D and on ∂D by fractional-linear
transformations. Let g = (A b
c d
) ∈ SU(n,1), where A is n× n, b is n× 1, c is 1 × n, d is a complex number. Then
g :D →D
z → gz = 1
cz+ d (Az+ b).
Similarly
g : ∂D → ∂D
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cz+ d (Az+ b).
We shall also use the notation q(g, z)= cz+ d .
Note that 〈gz, gw〉 = 〈z,w〉
q(g,z)q(g,w)
and 〈gu,gv〉 = 〈u,v〉 for z,w ∈ D¯, u,v ∈ Cn+1, g ∈ SU(n,1). The determinant
of the Jacobi matrix of the automorphism of D given by g is q(g, z)−(n+1), z ∈D.
2.1.2. Line bundles
Let Γ be a discrete subgroup of SU(n,1) such that X = Γ \D is compact and smooth. Let χ : Γ → U(1) be a
normalized character. Denote by L the holomorphic line bundle on X determined by the cocycle q(g, z)χ(g). It has
an obvious hermitian structure and c1(L)= 12π [ω]. If χn+1 = 1, then L⊗(n+1) =KX , where KX is the canonical line
bundle on X, otherwise L⊗(n+1) =KX ⊗E, c1(E)= 0.
Let k ∈ Z, k  n + 1. We are going to construct explicitly holomorphic sections of L⊗k associated to certain
real submanifolds of the unit circle bundle P in L∗ and study their properties. We shall describe a holomorphic
section of L⊗k as a holomorphic function f on D that satisfies f (gz) = f (z)(q(g, z)χ(g))k for any g ∈ Γ , z ∈ D
or, equivalently, as a function on P of the form f (z)ζ k , where ζ = ζ(z) is the “coordinate” on S1, thus in our setting
|ζ | = √−〈z, z〉 and g(ζ )= ζ
q(g,z)χ(g)
for g ∈ SU(n,1).
We also note that the hermitian inner product is given by the following formula:
〈
f1(z)ζ
k, f2(z)ζ
k
〉
k
=
∫
X
f1(z)f2(z)
(−〈z, z〉)k dV .
It is well-defined since dV is SU(n,1)-invariant and the expression inside the integral is a Γ -invariant function on D.
We shall also denote P˜ = p∗P , where p :D →X is the covering map.
The contact form on P is α = −i∂ log(−〈z, z〉)+ i dζ
ζ
.
2.2. Coherent state at a point
Following the formalism of [2], we should find an orthonormal basis in the space of holomorphic sections of
(p∗L)⊗k which are square-integrable with respect to the hermitian inner product
(
f1(z)ζ
k, f2(z)ζ
k
)
k
=
∫
D
f1(z)f2(z)
(−〈z, z〉)k dV .
The basis that consists of functions ζ k
∏n
j=1 z
lj
j , where lj are non-negative integers, is orthogonal. The normalizing
constants are obtained from the following
Lemma 2.1.
(2)
(
ζ k
n∏
j=1
z
lj
j , ζ
k
n∏
j=1
z
lj
j
)
k
= (2π)n (k − (n+ 1))!
(k − 1 +∑nj=1 lj )!
n∏
j=1
lj !
Proof. We shall use the following change of coordinates on D: zn = rneiΘn , zj = rj eiΘj ∏ni=j+1√1 − r2i , j =
1, . . . , n− 1, 0 rj < 1, 0Θj < 2π , j = 1, . . . , n. Then −〈z, z〉 =∏nj=1(1 − r2j ) and we get:(
ζ k
n∏
j=1
z
lj
j , ζ
k
n∏
j=1
z
lj
j
)
k
= 2n
∫
D
r
2l1+1
1 (1 − r21 )k−(n+1)
×
n∏
r
2lj+1
j (1 − r2j )k−(n+1)+j−1+
∑j−1
i=1 li dr1 ∧ dΘ1 ∧ · · · ∧ drn ∧ dΘnj=2
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1∫
0
ul1(1 − u)k−(n+1) du
n∏
j=2
1∫
0
ulj (1 − u)k−(n+1)+j−1+
∑j−1
i=1 li du,
and using that
∫ 1
0 u
lj (1 − u)Ndu= lj !N !
(lj+N+1)! , we get (2). 
Hence the functions
ζ k
(2π)
n
2
√
k − 1 +∑nj=1 lj
(k − (n+ 1))!
n∏
j=1
z
lj
j√
lj !
form an orthonormal basis. Now take (w,η), (z, ζ ) ∈ P˜ ,
Ψ˜ (k)w,η(z, ζ )=
1
(2π)n(k − (n+ 1))!ζ
kη¯k
∑
l1,...,ln
(
k − 1 +
n∑
j=1
lj
)
!
n∏
j=1
(w¯j zj )
lj
lj ! ,
where lj are non-negative integers, and, using repeatedly an equality of the form
∑
l
(N+l)!
l! t
l = N !
(1−t)N+1 , we get:
Ψ˜ (k)w,η(z, ζ )=
(k − 1)!
(2π)n(k − (n+ 1))!
ζ kη¯k
(−〈z,w〉)k .
The coherent state at a point is now defined as
Ψ (k)w,η(z, ζ )=
∑
g∈Γ
g
(
Ψ˜ (k)w,η(z, ζ )
)=∑
g∈Γ
Ψ˜
(k)
g(w,η)(z, ζ ).
The associated holomorphic function on D is
f (k)w (z)=
(k − 1)!
(2π)n(k − (n+ 1))!
∑
γ∈Γ
(−〈γ z,w〉q(γ, z)χ(γ ))−k
(we obtain it from the previous equality setting g−1 = γ ). The series converges absolutely, uniformly on compact sets
[1,10].
In particular, if k = (n + 1)m, where m is a positive integer, and χk = 1, then f (k)w (z) is a holomorphic Γ -
automorphic form on D with the canonical automorphy factor.
2.3. Tori and associated sections
Choose and fix positive integers k′, lj , j = 1, . . . , n− 1, such that ∑n−1j=1 lj = k′. Denote aj = ljk′ , j = 1, . . . , n− 1,
and set k =mk′, where m is a positive integer.
Recall that an element of SU(n,1) is called elliptic if it has a fixed point in D, parabolic if has exactly one fixed
point in D¯ and this point belongs to ∂D, loxodromic if it has exactly two fixed points in D¯ (both on the boundary),
this list exhausts all possibilities, and we also call an element hyperbolic if it is loxodromic and has real eigenvalues.
Note that if Γ is cocompact then it does not contain parabolic elements.
For each hyperbolic element γ0 ∈ Γ and a collection of integers k′, lj , as above, we shall construct a submanifold
of P and a sequence {uk} of holomorphic sections of L⊗k , where k =mk′, m→ +∞. See Section 2.4 for an explicit
example of Γ and γ0 as above, for all n 2.
It is a standard fact that γ0 has eigenvalues λ, λ−1 (each of multiplicity 1) with λ ∈ R, |λ| > 1, 1 of multiplicity
n1, −1 of multiplicity n2, and n1 + n2 = n − 1. Without loss of generality we can assume that n1 = n and −1 is
not an eigenvalue, since otherwise we can replace γ0 by γ 20 . Denote by X and Y the fixed points of γ0 on ∂D, they
correspond to eigenvectors X˜ = (X1 ), and Y˜ = ( Y1 ) for the eigenvalues λ, λ−1. Let v1, . . . , vn−1 be an orthonormal
basis in the eigenspace of γ0 corresponding to the eigenvalue 1, i.e. vj ∈ Cn+1, γ0vj = vj , 〈vj , vj 〉 = 1, 〈vi, vj 〉 = 0
if i = j , i, j = 1, . . . , n− 1.
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A=
[
v1 . . . vn−1
1
〈X,Y 〉 X˜ +
1
2
Y˜
1
〈X,Y 〉 X˜ −
1
2
Y˜
]
,
this is an element of SU(n,1) which maps the point (0, . . . ,0,1) ∈ D to X, maps the point (0, . . . ,0,−1) ∈ D to Y ,
and maps the vectors
(
1
0n
)
,
( 0
1
0n−1
)
, . . . ,
(0n−1
1
0
)
to v1, . . . , vn−1 respectively. Note that
A−1 = s
⎛
⎜⎜⎜⎜⎜⎝
v¯t1
. . .
v¯tn−1
1
〈Y,X〉
¯˜
X
t + 12 ¯˜Y
t
1
〈Y,X〉
¯˜
X
t − 12 ¯˜Y
t
⎞
⎟⎟⎟⎟⎟⎠ s, A
−1γ0A=
⎛
⎝1n−1 λ2+12λ λ2−12λ
λ2−1
2λ
λ2+1
2λ
⎞
⎠ .
To define the torus and for all calculations we shall need the following change of coordinates on D: un =
reiϕ−i
reiϕ+i , 0 < r < +∞, 0 < ϕ < π , un−1 =
√
1 − |un|2rn−1eiΘn−1 , uj = rj eiΘj
√
1 − |un|2∏n−1i=j+1√1 − r2i =√
1 −∑ni=j+1 |ui |2rj eiΘj , j = 1, . . . , n − 2, 0  rj < 1, 0  Θj < 2π , j = 1, . . . , n − 1. Then −〈u,u〉 = (1 −
|un|2)∏n−1j=1(1 − r2j ).
Define
C =
{
(u, ξ) ∈ P˜ | ϕ = π
2
, rj =
√
aj
1 +∑ji=1 ai , j = 1, . . . , n− 1; ξ =
√−〈u,u〉eiψ ,ψ = − n−1∑
j=1
ajΘj
}
,
it is a real n-dimensional submanifold of P˜ diffeomorphic to (S1)n−1 ×R. Now we define the torus as Λ= Γ0\A(C),
where Γ0 is the cyclic subgroup of Γ generated by γ0. It is a Legendrian submanifold of (P,α), this is easy to verify
by computing the restriction of α to Λ.
Now set u = A−1z and consider the following A−1Γ0A-invariant holomorphic n-form on C (which gives a holo-
morphic n-form on Λ):
Ω = du1
u1
∧ · · · ∧ dun−1
un−1
∧ dun
1 − u2n
.
Theorem 2.2. (i)
Ψ
(k)
Λ (z, ζ ) :=
∫
Λ
Ψ (k)w,η(z, ζ )Ω(w)= c(n, k,Λ)
∑
γ∈Γ0\Γ
γ
((
βΛ(z)
)m
ζ k
)
,
where
βΛ(z)=
∏n−1
j=1〈z, vj 〉lj
(〈z,X〉〈z,Y 〉)k′ ,
c(n, k,Λ)= i
n−1
4π
((k − 1)!)3
(2k − 1)!(k − (n+ 1))!
(−〈Y,X〉)k n−1∏
j=1
a
kaj
2
j
(kaj )! ;
(ii) ‖Ψ (k)‖k ∼ const(Λ)mn2 as m→ +∞.Λ
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f
(k)
Λ (z)= c(n, k,Λ)
∑
γ∈Γ0\Γ
(βΛ(γ z))
m
(q(γ, z)χ(γ ))k
= c(n, k,Λ)
∑
γ∈Γ0\Γ
∏n−1
j=1〈γ z, vj 〉ljm
(〈γ z,X〉〈γ z,Y 〉)k
(
q(γ, z)χ(γ )
)−k
.
The series converges absolutely and uniformly on compact sets. If k′ = n+1 and χk = 1, then f (k)Λ (z) is a holomorphic
Γ -automorphic form of weight m with the canonical automorphy factor.
Theorem 2.3.
〈
f (z)ζ k, f
(k)
Λ (z)ζ
k
〉
k
= (k − 1)!
(2k − 1)!(−〈X,Y 〉)k
n−1∏
j=1
a
kaj
2
j
∫
Λ
f (z)
(βΛ(z))m
Ω
for any f (z)ζ k ∈H 0(X,L⊗k).
Remark 2.4. The integral in the theorem is well-defined since the function f (z)
(βΛ(z))m
is Γ0-invariant.
Remark 2.5. In a particular case n = 2, with powers of the canonical line bundle on X, we note that, while all
calculations in [5] are correct, the final conclusion should have been stated as follows: the norm of the automorphic
form
∑
γ∈Γ0\Γ
( 〈γ z, v〉
〈γ z,X〉〈γ z,Y 〉q(γ, z)
)(n+1)m
is non-zero for sufficiently large values of positive integer m.
2.4. Example of a hyperbolic element in a discrete cocompact subgroup of SU(n,1)
Consider the following two subgroups of SL(n+1,C): G1 = SU(n,1) and G2 = {A ∈ SL(n+1),C) | Atσ A¯= σ },
where σ = ( 1n −√2). It is clear that G1 is isomorphic to G2, more precisely G1 = τ−1G2τ , where τ = ( 1n 1/ 4√2).
A well-known example of a discrete cocompact subgroup is the subgroup Γ˜ ′ of G2 that consists of matrices with
entries in the ring R, where we can take R = Z[√2, i] [4] or R = Z[√2] [10]. The corresponding ball quotient is
compact but not smooth, however Γ˜ ′ contains a subgroup Γ ′ of finite index that gives a compact smooth quotient.
Consider
γ ′ =
(1n−1
3 + 2√2 4 + 2√2
2 + 2√2 3 + 2√2
)
∈ Γ˜ ′
and note that
γ0 = τ−1γ ′τ =
⎛
⎜⎝
1n−1
3 + 2√2 4+2
√
2
4√2
2 4
√
2 + 2( 4√2)3 3 + 2√2
⎞
⎟⎠
is a hyperbolic element of Γ˜ := τ−1Γ˜ ′τ ⊂ G1. Now we observe that the subgroup Γ := τ−1Γ ′τ ⊂ G1 gives a
compact smooth ball quotient and, since it is of finite index in Γ˜ , it contains a hyperbolic element (a power of γ0).
We also note that the fixed points of this element correspond to vectors
(0n−1
−1
1
)
and
(0n−1
1
1
)
,
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βΛ(z)=
∏n−1
j=1 z
lj
j
(1 − z2n)
∑n−1
j=1 lj
.
2.5. Proof of Theorem 2.2
∫
Λ
Ψ (k)w,η(z, ζ )Ω(w)=
∑
g∈Γ
∫
Λ
gΨ˜ (k)w,η(z, ζ )Ω(w)
∑
g∈Γ/Γ0
+∞∑
j=−∞
∫
Λ
gγ
j
0 Ψ˜
(k)
w,η(z, ζ )Ω(w)
=
∑
g∈Γ/Γ0
+∞∑
j=−∞
∫
Λ
gΨ˜
(k)
γ
j
0 (w,η)
(z, ζ )Ω(w)=
∑
g∈Γ/Γ0
g
∫
A(C)
Ψ˜ (k)w,η(z, ζ )Ω(w)
=
∑
g−1∈Γ0\Γ
g−1
∫
A(C)
Ψ˜ (k)w,η(z, ζ )Ω(w).
Hence it is sufficient to prove that
(3)
∫
A(C)
Ψ˜ (k)w,η(z, ζ )Ω(w)= c(n, k,Λ)
(
βΛ(z)
)m
ζ k.
Using the transformation A and the coordinates defined in Section 2.3 (in particular u=A−1w), we get:
(4)
∫
A(C)
Ψ˜ (k)w,η(z, ζ )Ω(w)=
(k − 1)!ζ k
(2π)n(k − (n+ 1))!
∫
A(C)
η¯k
(−〈z,w〉)k Ω(w),
∫
A(C)
η¯k
(−〈z,w〉)k Ω(w)= q(A,A
−1z)k
∫
C
(−〈u,u〉) k2 e−ikψ
(−〈A−1z,u〉)k
du1
u1
∧ · · · ∧ dun−1
un−1
∧ dun
1 − u2n
= q(A,A−1z)k i
n−1
2
n−1∏
j=1
(1 − r2j )
k
2
∫
C
(4r)
k
2 e
ik
∑n−1
j=1 ajΘj
×
(
−(r + 1)+ (A−1z)n(r − 1)+ (A−1z)n−1rn−12
√
re−iΘn−1
+
n−2∑
j=1
(A−1z)j rj2
√
re−iΘj
n−1∏
i=j+1
√
1 − r2i
)−k
dΘ1 ∧ · · · ∧ dΘn−1 ∧ dr
r
.
Now we use repeatedly a computation of the form
2π∫
0
eikaΘ
(Be−iΘ +D)N dΘ =
2π
(ka)!
Bka
DN+ka
with Bξ +D = 0 for |ξ | 1. The integral becomes:
(πi)n−122k+n−2q(A,A−1z)k
(
n−1∏
j=1
(A−1z)kajj
(kaj )! r
kaj
j
)
(1 − r21 )
k
2
×
n−1∏
j=2
(1 − r2j )
k
2 (1+
∑j−1
i=1 ai )
+∞∫
rk−1dr
[(A−1z)n(r − 1)− (r + 1)]2k
0
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(
n−1∏
j=1
(A−1z)kajj
(kaj )! r
kaj
j
)
(1 − r21 )
k
2
×
n−1∏
j=2
(1 − r2j )
k
2 (1+
∑j−1
i=1 ai ) ((k − 1)!)2
(2k − 1)!(1 − (A−1z)2n)k
= (πi)n−12k+n−2
n−1∏
j=1
r
kaj
j
(kaj )! (1 − r
2
1 )
k
2
n−1∏
j=2
(1 − r2j )
k
2 (1+
∑j−1
i=1 ai ) ((k − 1)!)2
(2k − 1)!
(−〈Y,X〉)k(βΛ(z))m.
This, together with (4), gives (3), and (i) follows.
Statement (ii) follows from Corollary 3.3 [2].
2.6. Proof of Theorem 2.3
Denote by F a Dirichlet fundamental domain for Γ , and by F0 a fundamental domain for Γ0. We have:
〈
f (z)ζ k, f
(k)
Λ (z)ζ
k
〉
k
= c(n, k,Λ)
∫
F
f (z)
∑
γ∈Γ0\Γ
βΛ(γ z)
m
(q(γ, z)χ¯(γ ))k
(−〈z, z〉)k dV
= c(n, k,Λ)
∑
γ∈Γ0\Γ
∫
γF
f (w)βΛ(w)
m
(−〈w,w〉)k dV = c(n, k,Λ)∫
F0
f (w)βΛ(w)
m
(−〈w,w〉)k dV
= c(n, k,Λ)
∫
A−1F0
f (Au)βΛ(Au)
m
(−〈Au,Au〉)k dV = c(n, k,Λ)in(− 2〈X,Y 〉
)k ∫
A−1F0
f (Au)
∏n−1
j=1 u¯
kaj
j
(1 − u¯2n)k
× (−〈u,u〉)
k−(n+1)
q(A,u)k
du1 ∧ du¯1 ∧ · · · ∧ dun ∧ du¯n
= c(n, k,Λ)i
(
− 2〈X,Y 〉
)k
2n−1
∫
A−1F0
f (Au)
q(A,u)k
(1 − r21 )k−(n+1)rka1+11
×
n−1∏
j=2
r
kaj+1
j (1 − r2j )k−(n+1)+j−1+
k
2
∑j−1
i=1 ai e−kajΘj
× (1 − |un|
2)
3
2 k−2
(1 − u¯2n)k
dr1 ∧ dΘ1 ∧ · · · ∧ drn−1 ∧ dΘn−1 ∧ dun ∧ du¯n = c(n, k,Λ) ·C1 · I,
where
C1 = −
(
− 2〈X,Y 〉
)k 2n−1
in
1∫
0
r
2ka1+1
1 (1 − r21 )k−(n+1) dr1
n−1∏
j=2
1∫
0
r
2kaj+1
j (1 − r2j )k−(n+1)+j−1+k
∑j−1
i=1 ai drj
= −
(
− 2〈X,Y 〉
)k
(k − (n+ 1))!
in(2k − 2)!
n−1∏
j=1
(kaj )!,
and
I =
∫
A−1F0∩{r1=const,...,rn−1=const}
f (Au)
q(A,u)k
(1 − |un|2)2k−2
(1 − u¯2n)k
du1
u
ka1+1
1
∧ · · · ∧ dun−1
u
kan−1+1
n−1
∧ dun ∧ du¯n
= −22k−1ik+1
∫
f (Au)
q(A,u)k
rk−1eikϕ(sinϕ)2k−2
(reiϕ + i)2k
du1
u
ka1+1 ∧ · · · ∧
dun−1
u
kan−1+1 ∧ dr ∧ dϕ1 n−1
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2
∫
f (Au)
q(A,u)k
(1 − u2n)k∏n−1
j=1 u
kaj
j
(sinϕ)2k−2 du1
u1
∧ · · · ∧ dun−1
un−1
∧ dr
r
∧ dϕ
= −i
(
− 2〈Y,X〉
)k π∫
0
(sinϕ)2k−2dϕ
∫
Λ
f (z)
(βΛ(z))m
Ω.
We used, in particular, that the integrated function is holomorphic and γ0-invariant. We have:
∫ π
0 (sinϕ)
2k−2 dϕ =
(2k−2)!π
22k−2((k−1)!)2 . And now, taking also into account the constant C1, we obtain the desired equality.
3. The case of complex projective space
In this section X = CPn, n 1.
3.1. Preliminaries
Denote ω = i∂∂¯ log∑nj=0 |zj |2, where [z0 : z1 : · · · : zn] ∈ X. Then 12π ω is the Fubini–Study form on X, it repre-
sents c1(L) where L is the hyperplane bundle. Note that z = (z0, . . . , zn) is a natural parametrization of the universal
bundle J = L∗.
We shall take the volume form to be dV = ωn
n! . On the affine chart z0 = 0 in the coordinates wj = zjz0 , j = 1, . . . , n,
we have:
dV = in dw1 ∧ dw¯1 ∧ · · · ∧ dwn ∧ dw¯n
(1 +∑nj=1 |wj |)n+1 .
Let k be a positive integer. The space H 0(X,L⊗k) of holomorphic sections of L⊗k is the space of homogeneous
polynomials of degree k in z0, . . . , zn. A natural hermitian inner product on H 0(X,L⊗k) is given by
(5)〈F,G〉k =
∫
X
F(z)G(z)
(
∑n
j=0 |zj |2)k
dV,
for F,G ∈H 0(X,L⊗k).
Lemma 3.1. Polynomials
(6)Fl0,...,ln (z)=
√
(k + n)!
(2π)
n
2
n∏
j=0
z
lj
j√
lj !
,
where l0, . . . , ln are non-negative integers,
∑n
j=0 lj = k, form an orthonormal basis in H 0(X,L⊗k) with respect to
inner product (5).
Proof. As before, we denote by zj , j = 0, . . . , n, homogeneous coordinates on X, on the affine chart z0 = 0 we use
the coordinates wj = zjz0 , j = 1, . . . , n, and we set wj = rj eiΘj , 0 rj <+∞, 0Θj < 2π , j = 1, . . . , n. It is clear
that the basis (6) is orthogonal. The normalizing constant is obtained from the following calculation:∥∥∥∥∥
n∏
j=0
z
lj
j
∥∥∥∥∥
2
k
=
∫
X
∏n
j=0 |zj |2lj
(
∑n
j=0 |zj |2)k
dV = in
∫
X
∏n
j=1 |wj |2lj
(1 +∑nj=1 |wj |2)k+n+1 dw1 ∧ dw¯1 ∧ · · · ∧ dwn ∧ dw¯n
= 2n
∫
X
∏n
j=1 r
2lj+1
j
(1 +∑nj=1 r2j )k+n+1 dr1 ∧ dΘ1 ∧ · · · ∧ drn ∧ dΘn
=
∫ ∏n
j=1 u
lj
j
(1 +∑nj=1 uj )k+n+1 du1 ∧ dΘ1 ∧ · · · ∧ dun ∧ dΘn,
X
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+∞∫
0
tx−1
(a + t)x+y dt = a
−yB(x, y)= a−y (x)(y)
(x + y) ,
where B(x, y)= ∫ 10 tx−1(1 − t)y−1dt is the Euler’s beta-function, (x) is the gamma-function, in particular, (n)=
(n− 1)! for a positive integer n. Using it repeatedly, we get:∥∥∥∥∥
n∏
j=0
z
lj
j
∥∥∥∥∥
2
k
= (2π)
n
(k + n)!
n∏
j=0
lj !. 
Now, following the ideas described in [2], we write a coherent state at a point:
Ψ (k)u (z)=
∑
l0,...,ln
Fl0,...,ln (u)Fl0,...,ln (z)=
(k + n)!
(2π)n
∑
l0,...,ln
n∏
j=0
u¯
lj
j z
lj
j
lj ! =
(k + n)!
(2π)nk!
(
n∑
j=0
u¯j zj
)k
.
3.2. Tori and associated sections
Choose and fix positive integers k′, a0, . . . , an, such that
∑n
j=0 aj = k′. Denote by P the unit circle bundle in L∗.
P is the boundary of a strictly pseudoconvex domain W (the unit disc bundle in L∗). A defining function for W is
ρ(z, z¯)=∑nj=0 |zj |2 − 1, and a contact form on P is α = ι∗Im(∂¯ρ), where ι : P →W is the inclusion map. We also
note that the unit circle bundle in L′∗ = (L⊗k′)∗ is a contact manifold with the contact form k′α.
We shall use coordinates
{rj ,Θj , j = 0, . . . , n | 0 rj <+∞,0Θ < 2π},
where zj = rj eiΘj , j = 0, . . . , n. We shall also denote βj =Θj −Θ0, j = 1, . . . , n, and choose Ω = β1 ∧ · · · ∧ βn.
Consider a real n-dimensional torus Λ in P defined as follows:
Λ=
{
z ∈ P | |zj | = rj =
√
aj
k′
, j = 0, . . . , n;Θ0 = −
n∑
j=1
r2j βj
}
.
It is a compact Legendrian submanifold of (P,α).
Theorem 3.2. For any positive integer m, with k = k′m,
(i) Ψ (k)Λ (z) :=
∫
Λ
Ψ
(k)
u (z)Ω(u)= (k+n)!k′k/2
∏n
j=0
a
maj /2
j z
maj
j
(maj )! ;
(ii) 〈Ψ (k)Λ ,Ψ (k)Λ 〉k ∼ C(Λ)mn/2 as m→ +∞, where C(Λ)= k
′(2n+1)/2
(2π)n/2
∏n
j=0
√
aj
∫
Λ
Ω ;
(iii) 〈F,Ψ (k)Λ 〉k =
∫
Λ
FΩ for any F ∈H 0(X,L⊗k).
Proof. Part (i):
∫
Λ
Ψ (k)u (z)Ω(u)=
(k + n)!
(2π)nk!
∫
Λ
(
n∑
j=0
u¯j zj
)k
dβ1 ∧ · · · ∧ dβn
= (k + n)!
(2π)nk!
∫
Λ
w¯k0
(
z0 +
n∑
j=1
w¯j
w¯0
zj
)k
dβ1 ∧ · · · ∧ dβn
= (k + n)!
(2π)nk!
∫
rk0 e
ik
∑n
j=1 r2j βj
(
z0 +
n∑
j=1
rj
r0
e−iβj zj
)k
dβ1 ∧ · · · ∧ dβn.Λ
74 T. Foth / Differential Geometry and its Applications 26 (2008) 63–74Note that kr2j =maj , j = 1, . . . , n. Using repeatedly a calculation of the form
i
∮
|ξ |=1
(A+Bξ)N dξ
ξp+1
= −2π
p!
N !
(N − p)!B
pAN−p,
we get:
Ψ
(k)
Λ (z)= (k + n)!
n∏
j=0
(
r
kr2j
j
(kr2j )!
z
kr2j
j
)
and the equality (i) follows.
Asymptotics of the norms are obtained as follows. By the computation we have already done to get an orthonormal
basis, we know that the norm of
∏n
j=0 z
maj
j is
(2π)n/2√
(k+n)!
∏n
j=0
√
(maj )!, hence
〈
Ψ
(k)
Λ ,Ψ
(k)
Λ
〉
k
= (k + n)!(2π)
n
k′k
n∏
j=0
a
maj
j
(maj )! .
Using the Stirling’s formula N ! ∼NNe−N√2πN as N → +∞, we obtain:
〈
Ψ
(k)
Λ ,Ψ
(k)
Λ
〉
k
∼ k
′n+ 12 (2πm)n2∏n
j=0
√
aj
as m→ +∞, and, observing that ∫
Λ
Ω = (2π)n, we obtain (ii).
It is sufficient to check (iii) for the case when F is a monomial. If F is not a constant multiple of Ψ (k)Λ , then
both sides of the equality are zero. And if F = cΨ (k)Λ for a constant c ∈ C, then (iii) follows from the equality
〈Ψ (k)Λ ,Ψ (k)Λ 〉k =
∫
Λ
Ψ
(k)
Λ Ω which is easily verified by a direct calculation. 
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